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Abstract
From the holographic renormalization group viewpoint, while the scale trans-
formation plays a primary role in holographic dualities by providing the extra di-
mension, the special conformal transformation seems to only play a secondary role.
We, however, claim that the space-time diffeomorphism is crucially related to the
latter. For its demonstration, we study the holographic renormalization group flow
of a foliation preserving diffeomorphic theory of gravity (a.k.a. space-time flipped
Horava gravity). We find that the dual field theory, if any, is only scale invariant but
not conformal invariant. In particular, we show that the holographic trace anomaly
in four dimension predicts the Ricci scalar squared term that would be incompatible
with the Wess-Zumino consistency condition if it were conformal. This illustrates
how the foliation preserving diffeomorphic theory of gravity could be in conflict with
a theorem of the dual unitary quantum field theory.
1 Introduction
A holographic approach to strongly coupled quantum field theories has now become a
ubiquitous tool to understand the non-perturbative physics albeit its derivation from
the first principle is yet to be established. One of the salient features of holography is
that we identify the holographic direction as the one generated by the renormalization
group flow (see e.g. [1][2][3][4] and references therein). This holographic renormalization
group viewpoint seems at the heart of any attempt to derive the holography [5][6][7] e.g.
AdS/CFT correspondence from quantum field theories.
From this viewpoint, while the scale transformation plays a primary role, the special
conformal transformation seems to only play a secondary role. In this paper, however,
we would like to claim that the space-time diffeomorphism is crucially related to the
latter. If we singled out the radial direction as a holographic renormalization group
direction, the natural symmetry of the holographic theory would be a foliation preserving
diffeomorphism rather than the full space-time diffeomorphism. In the Poincare´ patch of
the AdS space, for instance, the Poincare´ isometry and the scaling isometry manifestly
appear in the foliation preserving diffeomorphism while the isometry corresponding to
the special conformal transformation does not preserve the Poincare´ foliation. Therefore,
naively it seems more natural to consider the holography only with a foliation preserving
diffeomorphism and the resulting dual field theory without conformal invariance.
In reality, however, most of the scale invariant relativistic quantum field theories are
conformal invariant [8][9]. Certainly most of the examples in holography (mainly from
string theories) assume the conformal invariance. At the same time, some theorists believe
that the full space-time diffeomorphism is sacred in gravity. Are they somehow related?
It is still under vigorous investigations whether the scale invariance and the conformal
invariance are equivalent in unitary relativistic quantum field theories. The equivalence
is proved in d = 2 [10][8] (see also [11]), and there exists a counterexample in d > 4
[12][13][14]. While there are some illuminating works in d = 3, 4 [9][15][16][17], the jury
is still out. Given its possibility, it is motivating to understand how scale invariant but
non-conformal field theories can (or cannot) be realized holographically.
In this paper, we clarify the importance of the full space-time diffeomorphism to obtain
the conformal invariance. On the other side of the same coin, we show that the holographic
models based on a foliation preserving diffeomorphic theory of gravity naturally leads to a
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dual description of scale invariant but non-conformal field theories, assuming the existence
of such.
Foliation preserving diffeomorphic theories of gravity [18][19] have attracted their own
interest from a completely different motivation from ours. They are studied as cosmologi-
cal models (see e.g. [20] for a review). Horava selected time as a special direction, and he
proposed his foliation preserving diffeomorphic theory of gravity as a way to construct a
power-counting renormalizable theory of gravity. Our model can be seen as a space-time
flipped version of his gravity (with z = 1) while the power-counting renormalizability is
not necessarily assumed. We hope that our results will shed some light on possible holo-
graphic understandings of the Horava gravity1 while there is always a technical as well as
conceptual subtly in flipping space and time in holography.
As a concrete computation, we study the holographic trace anomaly [22] of a foliation
preserving diffeomorphic theory of gravity. In d = 4, simple dimensional analysis leads to
the following form of the trace anomaly of the energy-momentum tensor (see e.g. [23] for
a review):
T µµ = a(Euler)− c(Weyl2) + bR2 + b′✷R + eǫρσαβRρσµνRµναβ + non anomalous terms
(1.1)
In almost all literatures on the trace anomaly, only a and c are studied: in particular, the
central charge a plays an important role in understanding the so-called a-theorem that
states the existence of the monotonically decreasing function along the renormalization
group flow [24][25][26][27][28]. The geometric meaning of these terms are clarified in [29].
On the other hand, e vanishes for any CP preserving theories [30][31],2 and b′ can be
removed by adding the local counterterm
∫
d4x
√
gR2 in the action so they may be dis-
carded for our purposes. Finally, bR2 term does not satisfy the Wess-Zumino consistency
condition [33][34][35][36], so it cannot appear in the trace anomaly if the theory is con-
formal (i.e. under the absence of the last non-anomalous terms in (1.1) up to a possible
improvement).
1Indeed, one of his motivations to construct the foliation preserving diffeomorphic theory of gravity is
to realize space-time anisotropy in holography that has potential applications in condensed matter physics
while this viewpoint is rarely emphasized in the cosmological applications of his models. A recent attempt
to derive the foliation preserving diffeomorphic theory of gravity as a non-relativistic (holographic) trace
anomaly can be found in [21].
2Its significance was revisited in [32].
2
We, however, show that the holographic trace anomaly of a foliation preserving dif-
feomorphic theory of gravity predicts non-zero b, which means that the theory must be
scale invariant but not conformally invariant: otherwise it is inconsistent. Indeed, as we
have mentioned, the theory does not admit the foliation non-preserving diffeomorphism
that would generate the special conformal transformation.
Given the recent interest in finding a scale invariant but not conformal invariant field
theory in d = 3, 4, we believe our holographic construction will serve as a good exercise to
uncover its peculiar property and existence itself. Also given the fact that scale but non-
conformal field theory does exist in d > 4, it is urgent how it can fit with the holography,
and our model provides a certain prototype. Finally, the proof of the non-existence of
scale invariant but not conformal invariant field theories in d = 2 may suggest that the
foliation preserving diffeomorphic theory of gravity could be in conflict with the idea of
the holography. In each cases, the study of the holographic models seems useful.
The organization of the paper is as follows. In section 2, we review a free U(1) Maxwell
field theory in d > 4 as a simple example of scale invariant but not conformal invariant field
theories, and we try to construct its holographic dual. We see how the foliation preserving
diffeomorphism is natural while the full space-time diffeomorphism is not. In section 3,
we study the holographic renormalization group of a foliation preserving diffeomorphic
theory of gravity. We compute the holographic trace anomaly and find the non-zero Ricci
squared term in d = 4. In section 4, we present some discussions for future works.
2 Holographic dual of free Maxwell theory?
As a canonical example of scale invariant but not conformal invariant field theories, we
will study a free U(1) Maxwell field theory in higher dimension d > 4 [13][14]. The
theory is unitary and scale invariant, but the correlation functions among gauge invariant
field strengths do not satisfy the Ward-Takahashi identity for the conformal invariance by
treating field strength as a conformal primary operator. The energy-momentum tensor of
the free U(1) Maxwell action (Fµν = ∂µAν − ∂νAµ as usual)
S =
∫
ddx
1
4
F µνFµν (2.1)
3
has the non-trivial divergence of the Virial current in its trace (in d > 4)
T µµ =
4− d
4
F µνFµν =
4− d
2
∂µ(AνFνµ) , (2.2)
where Jµ =
4−d
2
AνFνµ is the Virial current. The existence of the non-trivial Virial current
states that the theory is not conformal. We may be able to embed the theory in a
conformal field theory by introducing “vector potential” in a suitable gauge, but the
embedding is non-unitary [14].
In [7], a recipe to construct a holographic dual of a free scalar field theory was pre-
sented. The construction heavily relies on the conviction that the renormalization group
scale will be given by the “radial direction” under holography, which is the basis of the
holographic renormalization. From this perspective, the notion of the conformal invari-
ance, or more precisely symmetry under the special conformal transformation only plays
a secondary role. Nevertheless, at the end, the vacuum solution of their equations of
motion has the full AdS isometry, and the theory is invariant under the special confor-
mal transformation, which is expected because the free massless scalar is conformally
invariant.
In this section, we repeat a similar holographic construction of the holographic dual
theory from the scale invariant but not conformal invariant free U(1) Maxwell field theory
(in d > 4). There is no essential technical difference from the scalar case [7], but it is
instructive to see how the “emergence” of the AdS space-time isometry does not occur in
our example.
The starting action is the momentum space free U(1) Maxwell field theory given by
∫
ddpddq {Pµν(p, q)− Bµν(p, q)}Aµ(p)Aν(q) , (2.3)
where Pµν is the cut-off kinetic term with suitable gauge fixing. The details of the gauge
fixing would not affect the physics, and for simplicity, we take the Feynman gauge3
Pµν =
p2
K(p2/Λ2)
δd(p− q)ηµν . (2.4)
Here the cut-off function K vanishes for large momenta and becomes constant for small
3Actually, the following argument would not depend on the fact that the theory is unitary, so we may
allow an arbitrary kinetic term for the vector field. See e.g. [37][38] how the generic choices of the kinetic
term break conformal invariance while preserving the scale invariance.
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momenta. The exact renormalization group equation determines the flow of the general-
ized coupling Bµν as
dΛBµν(p, q) = −
∫
dds
1
s2
∂K(s2/Λ2)
∂Λ
Bµρ(p, s)B
ρ
ν(s, q) . (2.5)
We will identify the renormalization group scale Λ with the holographic direction: Λ = 1
r
.
We can immediately see that the construction here is identical to that of [7] except
that the field B is now a matrix with Lorentz indices. We expand the field B and the
cut-off differential propagator αµν = dΛK(p
2/Λ2)ηµν
p2
δd(p−q) with respect to momenta p and
q as
Bµν(p/Λ, q/Λ) =
∞∑
s,t=0
Λ−s−tBµνa1···as,b1···btp
a1 · · · pasqb1 · · · qbt
≡ Λ−s−tBµνst psqt
αµνst = Λ
2−d−s−t
∫
ddpddqαµν(p, q)psqt . (2.6)
Here, we are following the notation used in [7].
By using these components, one can introduce the connections W and W˜ that take
values in the “non-commutative” space.
W µνM =
1
r
PMη
µν +Bµρqs [α
sp
M ]
ν
ρ
W˜ µνM =
1
r
PMη
µν . (2.7)
Here Pr generates the dilatation, and Pµ generates the translation so that the connec-
tion 1
r
PM satisfies the AdS algebra (see [7] for details) under ∗ product. We also in-
troduced [α
sp
M=r]
ν
ρ = [α
sp] νρ , and [α
sp
M=µ]
ν
ρ = 0. Consult [39][7] for how to relate the
non-commutative fields and their component with sq indices assumed in (2.7).
The renormalization group equation (2.5) can be obtained as a particular solution of
∂MBµν +WMµρ ∗Bρν − Bµρ ∗ W˜ ρM ν = 0 (2.8)
with (2.7). Here, the connections are both flat.
dWµν +Wµρ ∧ ∗W ρν = 0 , dW˜µν + W˜µρ ∧ ∗W˜ ρν = 0 . (2.9)
The details of the construction, which we have omitted, are not important in our
discussions, but let us emphasize the salient features: (1) the construction can be done
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in any scale invariant but not conformal invariant free field theories, (2) since the con-
nection as well as B field has d-dimensional Lorentz indices (i,e, µ, ν) rather than d + 1
dimensional indices (i.e. M,N), the manifest d + 1 dimensional diffeomorphism (or lo-
cal Lorentz transformation) is broken. This is in stark contrast with the scalar case,
where the d + 1 dimensional local Lorentz invariance emerges in the final equations of
motion albeit the physical origin of the requirement to choose the particular solution that
gives the free scalar field correlation functions is unclear. For instance, even in the scalar
case, the analogue of the decomposition (2.7) breaks the AdS invariance. The particular
choice also breaks the full space-time diffeomorphism down to the foliation preserving
diffeomorphism.
In the construction of [7], the emergence of the full space-time diffeomorphism, or the
local Lorentz invariance is quite artificial. Since the renormalization group flow direction
r has its very different origin than the flat Minkowski plane spanned by xµ foliating
the space-time, it is far from obvious why these coordinates must behave in a unified
way under the full space-time diffeomorphism. A more natural symmetry would be the
foliation preserving diffeomorphism. Indeed, in the free U(1) Maxwell field theory case,
the only manifest symmetry of the vacuum is the foliation preserving diffeomorphism. We
will discuss how the emergence (or the requirement) of the full space-time diffeomorphism
is crucially related to the conformal invariance of the dual theory.
Before moving on, let us make a comment on the lower dimensional case, when the
free U(1) Maxwell field theory does possess the conformal invariance. In d = 3, a free
U(1) gauge field is dual to a free scalar. If we had utilized the free field equivalence: Fµν =
ǫµνρ∂
ρφ, and rewritten the renormalization group equation with respect to a free scalar
field φ and its scalar source B instead of Aµ with the gauge invariant source term, we would
have ended up with the AdS vacuum solution with the full space-time diffeomorphism.
This is in accord with the fact that the free U(1) Maxwell field theory in d = 3 can be
unitarily embedded in a conformal field theory by the duality transformation. The effect
of the duality is non-trivial in the holographic construction we have presented.
The situation in d = 4 is less clear. Although the constructed holographic theory does
possess the conformal invariance, the above construction does not automatically lead to
the manifest AdS isometry and the space-time diffeomorphism. Unlike in the d = 3
case, the duality would not help either since the theory is self-dual. We need a better
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understanding of the emergence of the AdS isometry here because, after all, the free field
construction of the N = 4 super Yang-Milles theory must be available and the result
should be fully AdS invariant. Presumably, the N = 4 supersymmetric formulation will
solve the problem naturally because we may regard the free Maxwell field as a descendant
of the scalar component under the N = 4 supersymmetry.4 Our main interest in this
paper is not the recovery of the conformal invariance, but rather how it is broken, so we
will leave this question for future investigations.
3 Holographic renormalization of foliation preserv-
ing gravity
As we have discussed, the holographic renormalization group flow singles out the radial
direction as a distinguished coordinate. In any attempt to derive the holographic descrip-
tion of the field theories, this seems unavoidable. We have studied one particular attempt
to construct a holographic dual theory from the free U(1) Maxwell field theory in the
last section. Since we have singled out the particular direction, the role played by the
full space-time diffeomorphism, let alone its origin, is less clear. Indeed, in the example
studied in the last section, the existence of the full space-time diffeomorphism is doubtful
(when d > 4) unlike the scalar case. In other words, it is logically possible that the
holographic theory is only invariant under the foliation preserving diffeomorphism but is
not invariant under the full space-time diffeomorphism.
We, however, claim that the full space-time diffeomorphism is crucial in order to
understand the special conformal invariance of the dual field theory at the fixed points.
Alternatively, abandoning the full space-time diffeomorphism is equivalent to abandoning
the conformal symmetry. This can be heuristically understood if we look at the space-time
metric of the AdS space in the Poincare´ patch:
ds2 = l2
dr2 + ηµνdx
µdxµ
r2
. (3.1)
The metric has the manifest Poincare´ isometry together with the scaling isometry
r → λr , xµ → λxµ . (3.2)
4However, we still have to understand how this mechanism would not work in d > 4.
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In addition, the metric is invariant under the isometry corresponding to the special con-
formal transformation with an infinitesimal parameter kµ:
δkr = 2(ηρσk
ρxσ)r , δkxµ = 2(ηρσk
ρxσ)xµ − (r2 + ηρσxρxσ)kµ . (3.3)
A crucial observation here is that this somewhat obscured symmetry of the metric requires
the non-trivial mixing of the radial direction and the foliating space-time.
To make this point clearer, we would like to study the holography of a foliation pre-
serving diffeomorphic theory of gravity in this section. Recently, foliation preserving
diffeomorphic theories of gravity have been studied a lot in the context of a possible
power-counting renormalizable theory of quantum gravity, which was initiated by Horava
in his seminal work [18][19]. Our motivation is quite different, but we may regard our
holographic model as a space-time flipped version of the Horava gravity.
The basic idea is to write the d+ 1 dimensional space-time metric in the ADM(-like)
form as
ds2 = N2dr2 +Gµν(dx
µ +Nµdr)(dxν +Nνdr) . (3.4)
We singled out the radial direction r (instead of “time” in the usual ADM construction),
which is supposed to be dual to the renormalization group scale. If we are interested in
the holographic dual of a Lorentzian signature quantum field theory, the d-dimensional
metric Gµν must possess the Lorentzian signature. The gravitational theory that describes
the dynamics of the metric must be invariant under the infinitesimal foliation preserving
diffeomorphism
δr = f(r) , δxµ = ξµ(r, xµ) , (3.5)
under which
δN = ∂r(Nf)
δNµ = ∂r(N
µf) + ∂rξ
µ + LξNµ
δGµν = f∂rGµν + LξGµν , (3.6)
where Lξ is the d-dimensional Lie derivative with respect to the vector ξ.
An important observation here is that although the scale transformation and the
Poincare´ transformation are foliation preserving diffeomorphisms, the special conformal
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transformation of the AdS space (3.3) is not. Thus, the holographic dual theories of a
foliation preserving diffeomorphic theory of gravity must be scale invariant and Poincare´
invariant but not conformal invariant.
As an illustration, we will consider the following action for a particular foliation pre-
serving diffeomorphic theory of gravity:
S =
∫
Ndr
√−Gddx(KµνKµν − λK2 +R + Λ) . (3.7)
Here Kµν =
1
2N
(∂rGµν−DµNν−DνNµ), and K = GµνKµν . Dµ is the covariant derivative
with respect to the d-dimensional metric Gµν and R is the d-dimensional Ricci scalar.
The main goal of this section is to study the holographic renormalization group flow of
this foliation preserving diffeomorphic theory of gravity to uncover the scale invariant but
non-conformal nature of the dual field theory.
The free dimensionless parameter λ 6= 1 here breaks the space-time diffeomorphism
to the foliation preserving diffeomorphism. When λ = 1, the action formally recovers the
full space-time diffeomorphism and it coincides with the Einstein-Hilbert action with a
cosmological constant (up to surface terms).
The action is the space-time flipped version of the “IR-limit of the Horava gravity”
(with IR scaling z = 1). In the Horava gravity, we typically introduce higher derivative
“potential terms” (e.g. Rn with n ≥ 2) to improve the renormalizability of the theory.
Here, we note that such terms might lead to a non-unitary spectrum because R in our
space-time flipped version contains the time derivative unlike in the Horava gravity where
the foliating space has the Euclidean signature. We restrict ourselves to the case z = 1,
but if we dare to abandon the unitarity or if we work on the Euclidean gravity, there is
nothing wrong with the inclusion of the higher derivative terms at least at the classical
level.5
The equation of motion becomes
0 =− 1
N
(∂r −NσDσ)pµν + 1
N
(pµσDνN
σ + pνσDµN
σ)
−Kpµν + 2Kσµpσν +
1
2
Λgµν −
(
Rµν − R
2
Gµν
)
, (3.8)
5The inclusion of the higher derivative terms will naturally lead to the violation of a = c of the four-
dimensional holographic central charge. The effect of higher derivative terms in the holographic trace
anomaly of fully space-time diffeomorphic theories can be found in [40][41].
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where pµν = Kµν − λKgµν is the “canonical momentum”. We augment it with the
“momentum constraint”
0 = Dµpµν , (3.9)
and the “Hamiltonian constraint”6
0 = Kµνpµν − Λ− R (3.10)
Now we would like to understand the holographic renormalization group flow of the fo-
liation preserving diffeomorphic theory of gravity. In particular, we would like to compute
the holographic trace anomaly to see the effect of the scale invariance without conformal
invariance. The argument here follows the standard recipe to compute the holographic
trace anomaly in the full space-time diffeomorphic theory of gravity [22]. We first intro-
duce the Graham-Fefferman ansatz (using the coordinate ρ = r2)7
ds2 = l2
(
dρ2
4ρ2
+
gµν(ρ, x)dx
µdxν
ρ
)
(3.11)
with the power series expansion for the metric near the boundary ρ = 0:
g = g(0) + ρg(2) + · · ·+ ρd/2g(d) + ρd/2 log ρh(d) +O(ρd/2+1) . (3.12)
In this paper, we are only interested in even d, where the trace anomaly is non-zero, and
in the above expansion it was assumed as such. Note that gµν = ηµν , which gives the AdS
space in Poincare´ patch, is a vacuum solution when Λ = d(1− λd)/l2.
With the Graham-Fefferman ansatz, the equations of motion of the foliation preserving
diffeomorphic theory of gravity become
ρ
(−2g′′ + 2λTr(g−1g′′)g + (1− 2λ)Tr(g−1g′g−1g′)g + 2g′g−1g′ − Tr(g−1g′)g′)+
+(d− 2)g′ + (2λ− 1)Tr(g−1g′)g − Ric[g] = 0
6This equation is obtained by assuming the “Lapse function” N depends on both r and xµ. If
we introduced the projectability condition that demands the “Lapse function” only depends on the
radial direction r, then the Hamiltonian constraint (3.10) will be replaced by the integrated form 0 =∫
ddx
√−g (Kµνpµν − Λ−R). We may regard the local form (3.10) as an ansatz to solve the metric
equation in the projectable case.
7Since there is no theorem that guarantees that we can take this coordinate in foliation preserving
diffeomorphic theories of gravity unlike in the fully space-time diffeomorphic theories of gravity, we
emphasize that this is merely an ansatz.
10
(g−1)µσ(λDνg
′
µσ −Dσg′µν) = 0
(2dλ− 2)Tr(g−1g′′) + (d− 2λd+ 1)Tr(g−1g′g−1g′) + (−1 + λ)(Tr(g−1g′))2 = 0 .
(3.13)
Here we have used the relation Λ = d(1 − λd)/l2 between the cosmological constant and
the AdS radius.
We may substitute the ansatz (3.12) into (3.13) and solve the metric perturbatively
with respect to ρ with a given boundary metric g(0) up to O(ρd/2). The first order solution,
for instance, becomes
g(2)µν =
1
d− 2
(
R(0)µν −
(2λ− 1)R(0)
2dλ− 2 g
(0)
µν
)
. (3.14)
Here R(0) is the curvature tensor constructed from the metric g(0).
The holographic trace anomaly can be computed by employing the same technique
introduced in [22] when the theory has the full space-time diffeomorphism. For this
purpose, we need to know the logarithmic divergence of the on-shell action with the cut-
off at ρ = ǫ. As in the Einstein case, the logarithmic divergence only comes from the bulk
integral
S = ld/2+1
∫
ǫ
dρddx
ρ−d/2−1
2
√−g [2(Λ +R)] |log ǫ . (3.15)
We expand the metric g and curvature R with (3.12) and the explicit solutions such as
(3.14) to obtain the ρ2/d term inside the on-shell action integral. In the d = 4 case we are
most interested in, the result is
S =
l3
4
log ǫ
∫
d4x
√−g0
(
R(0)µνR
µν(0) − λ
4λ− 1R
(0)2
)
. (3.16)
The logarithmic dependence on ǫ gives rise to the holographic trace anomaly of the
dual theory. The result in d = 4 is
〈
T µµ
〉
= −2c
(
RµνR
µν − λ
4λ− 1R
2
)
= c
(
(Euler−Weyl2)− 2
3
λ− 1
4λ− 1R
2
)
. (3.17)
Here Euler = RµνρσRµνρσ−4RµνRµν+R2 is the Euler density, and Weyl2 = RµνρσRµνρσ−
2RµνRµν +
1
3
R2 is the Weyl tensor squared. c ∝ l3 is the holographic central charge of
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the dual field theory whose value is the same as when λ = 1 as long as the AdS radius l
is fixed.
As in the Einstein case, the holographic trace anomaly with the two derivative action
here predicts a = c irrespective of the value of λ. The additional term with the Ricci
scalar squared is something new. Actually, it is known that this R2 term does not satisfy
the Wess-Zumino consistency condition for the Weyl anomaly [33][34][35][36], so it is
not allowed for conformal field theories. A simplified explanation is that since the Weyl
transformation is Abelian, the Weyl anomaly of the Weyl anomaly (up on integration)
must vanish. This is the case for the Euler density as well as all the Weyl invariants such
as the Weyl tensor squared or Hirzebruch-Pontryagin density, but it is not true for the
R2 term. Of course, the Wess-Zumino consistency condition is obtained by demanding
the flat space conformal invariance and it is presumably violated here, so there is no
immediate theoretical inconsistency. It merely dictates that the dual field theory cannot
be conformal invariant when λ 6= 1. Note that this R2 term vanishes at λ = 1 as expected
from the Einstein gravity, which is supposed to be dual to a conformal field theory.
We can repeat the same analysis in other dimensions. In d = 2, the holographic
trace anomaly is still given by the Euler density: 〈T µµ〉 = − c12R, and the effect of λ
is only changes the value of the central charge through the relation between Λ and the
AdS radius l. Although we cannot see the violation of the conformal invariance from the
trace anomaly, as is also the case with the field theory analysis, we have no evidence for
the conformal invariance of the dual field theory here when λ 6= 1 because the isometry
corresponding to the special conformal invariance is lost.
For instance, we may try the Brown-Henneaux approach [42] to construct the asymp-
totic symmetry generators corresponding to the Virasoro symmetry. The first difficulty
is that we cannot freely switch the Poincare´ coordinate to the global coordinate. The co-
ordinate transformation between the Poincare´ coordinate and the global coordinate does
not belong to the foliation preserving diffeomorphism. We can easily check that the AdS
space with the global coordinate (i.e. ds2 = l2
(
dρ2
4ρ2
+ (1−ρ)
2dφ2−(1+ρ)2dt2
ρ
)
) does not solve
the equations of motion when λ 6= 1 while the Poincare´ patch does solve them.
Furthermore, most of the asymptotic symmetry generators corresponding to would-
be Virasoro symmetry do not preserve the foliation, so it is impossible to construct the
12
Virasoro generators
ζ±n = e
in(t±φ)
(
∂± − n
2
2r2
∂∓ − inr
2
∂r
)
. (3.18)
In particular, there is no corresponding foliation preserving asymptotic symmetry gener-
ator corresponding to the special conformal transformation, which would be n = −1, in
this approach (even if we restrict ourselves to the Poincare´ coordinate).
In higher dimensions, say d = 6, 8 · · · , although we have not performed the detailed
computation, it is straightforward to repeat our analysis and compute the holographic
trace anomaly. It is expected that the trace anomaly contains the terms that are not
allowed by the Wess-Zumino consistency condition for conformal field theories. We have
many candidates of these terms such as Rd/2. Again, this will not lead to an immediate
inconsistency because the theory is expected to be only scale invariant but not confor-
mal invariant. Indeed, it seems very likely that the free U(1) Maxwell field theory in
d = 6, 8 · · · would produce the trace anomaly which is not allowed by the Wess-Zumino
consistency condition.
However, we know that in d = 2, the extra constraint from the unitarity and the
discreteness of the spectrum demands that scale invariant field theory must be conformal
invariant [8]. This suggests that holographic dual of the foliation preserving diffeomorphic
theories of gravity must be non-unitary, if any, in d = 2. In d = 4, we have no examples of
scale invariant but not conformal invariant field theory yet, so the holographic theory dual
might be pathological as in d = 2. In d > 4, uniatry scale invariant but not conformal
invariant field theories do exist as we have seen in section 2, so the holographic description
depicted there may well possess no full space-time diffeomorphism but only have a foliation
preserving diffeomorphism.
4 Discussions
In this paper, we have studied holography of a foliation preserving diffeomorphic theory
of gravity. This is motivated by the conviction that any derivation of the holography
singles out the radial direction as the renormalization scale, so there is no a-priori reason
why the full space-time diffeomorphism must be imposed. As we have seen in section 2,
it seems more natural to assume a foliation preserving diffeomorphism. The consequence
is that the dual theory, if any, is only scale invariant but not conformal invariant.
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Our result can be regarded as the first demonstration of the possibility to generate
the Ricci scalar squared term in the holographic trace anomaly at the fixed points. We
emphasize again that the Ricci scalar squared term in the trace anomaly is forbidden by
the Wess-Zumino consistency condition in conformal field theories. There is no theoretical
inconsistency here because our dual field theory must be only scale invariant but not
conformal invariant.
We would like to mention some unusual features of the R2 term in the holographic
trace anomaly. First of all, this already appears at the second derivative theories of
gravity in their classical limit. Thus, the effect even survives in the large N limit of
the gauge/gravity correspondence. This should be contrasted with the deviation from
c = a due to the higher derivative corrections. Secondly, since it does not satisfy the
Wess-Zumino consistency condition, the term cannot be integrated to generate the Wess-
Zumino term even if it is spontaneously broken unlike a or c anomalies [26].
The explicit breaking of the space-time diffeomorphism down to the foliation preserv-
ing diffeomorphism is related to the spontaneous breaking of the Lorentz symmetry (or
more precisely AdS symmetry), and our treatment in this paper will be related to the
models studied in [43][44][45][46], where the holographic theories for scale invariant but
not conformal invariant field theory was initiated. It would be very interesting to compute
the holographic trace anomaly there and compare it with the results presented in this pa-
per to understand the relation between the foliation preserving diffeomorphic theory of
gravity and the spontaneous Lorentz symmetry (AdS symmetry) breaking.
With this regards, in [32], a potential CP odd term in the trace anomaly, given by
the Hirzebruch-Pontryagin density in d = 4, was pursued. In particular, the holographic
model that would generate such a term was constructed with the help of the sponta-
neous AdS symmetry breaking. It seems easier to introduce such a CP odd term in the
holographic trace anomaly if we consider the foliation preserving diffeomorphic theory of
gravity rather than in the Einstein gravity with the AdS symmetry breaking.8 The lack
of the full space-time diffeomorphism allows us to introduce the four-dimensional Levi-
8The latter necessitates the violation of the (strict) null energy condition, so apparently the foliation
preserving diffeomorphic theory of gravity might be pathological in some ways if we assume the equiv-
alence. It seems important to understand precisely in which aspect the theory is pathological. This
ultimately leads to the question whether the scale invariant but not conformal invariant field theory is
theoretically satisfactory or not.
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Civita symbol (rather than five-dimensional one) in the action. For instance, the term
like
∫
Ndr
√−Gd4xKǫρσαβRρσµνRµναβ would naturally give rise to the holographic trace
anomaly proportional to the Hirzebruch-Pontryagin density.
While we have concentrated on the holographic trace anomaly in this paper, there are
other modifications that we expect in the holography of foliation preserving diffeomorphic
theories of gravity compared with the conventional full space-time diffeomorphic theories
of gravity. We would like to close this paper by mentioning some of them in relation to
their field theory implications.
First of all, in d = 2, the scale invariant but not conformal invariant field theory
must be non-unitary (with other technical assumptions). Therefore, holographic dual of
foliation preserving diffeomorphic theories of gravity may be pathological at least in d = 2.
Since we have proposed an explicit gravity model, it seems very interesting to compute
the energy-momentum tensor correlation functions from holography and compare them
with the field theory proof of the equivalence between scale invariance and conformal
invariance in 1 + 2 dimension.9
Secondly we would like to revisit the holographic c-theorem [49][50]. The holographic
c-theorem predicts that there exists a monotonically decreasing function of r along the
holographic renormalization group flow. The derivation is based on the null energy-
condition together with the absence of the ghost in space-time diffeomorphic theory of
gravity [51][52]. In foliation preserving diffeomorphic theories of gravity, the notion of
the null energy condition is less clear. In particular, we typically need to evaluate T rr −
T tt to derive the holographic c-theorem, but since r direction is distinguished in the
foliation preserving diffeomorphic theories of gravity, it is not so obvious why this must
be constrained. Coincidentally, we have observed a possible failure of the proof of the
a-theorem in d = 4 when the fixed points are scale invariant but not conformal invariant
[27][28]. It is worth investigating this point further.
Another interesting area of study is the entanglement entropy. At the conformal fixed
point, it is known that the universal part of the entanglement entropy is related to the
trace anomaly. In particular, in d = 4, they are characterized by a and c depending on
9We can repeat a completely parallel discussion for a chiral version of the equivalence between scale
invariance and conformal invariance [47]. The gravitational theorem again assumes the full diffeomor-
phism in [48]. The symmetry enhancement would not occur in foliation preserving diffeomorphic theories
of gravity.
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the entanglement surface [53][54][55]. However, the derivation relies on the conformal
invariance, and it is less known what happens when the theory is only scale invariant
but not conformal invariant.10 Do we expect a non-trivial dependence on the R2 term
in the trace anomaly? Or, is there any hidden constraint from the entanglement entropy
that forbids the R2 term in the trace anomaly (see e.g. [56][57] for the Wess-Zumino
consistency condition of the holographic renormalization and entanglement entropy)? In
order to address these questions, it seems urgent to reconsider the holographic approach
to the entanglement entropy [58][53][55] in foliation preserving diffeomorphic theories of
gravity. All these would lead to better understandings of scale invariant but not conformal
invariant field theories and deep aspects of holography and quantum gravity.
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A Holographic Virial current and some comments on
recent literatures
In scale invariant but non-conformal field theories, the non-trivial Virial current plays a
significant role. In this appendix, we would like to study its realization from holography.
We also make some comments on the connection between (holographic) c-theorem and
(non-)existence of scale invariant but non-conformal field theories in (1 + 3) dimension.11
To understand the relation between the vector condensation in holography and the
non-trivial existence of the Virial current, we begin with the holographic renormalization
10Also, the CP-odd Hirzebruch-Pontryagin density, which is compatible with the conformal invariance,
is almost always neglected.
11The author would like to thank H. Osborn for the discussions presented in this appendix.
16
group12:
ds2 = e2A(r)dxµdxµ + dr
2 , (A.1)
in conventional Einstein gravity. The holographic central charge a = πd/2/Γ(d/2)(A′)d−1
satisfies
da
dr
=
πd/2
Γ(d/2)(A′)d
(T rr − T tt ) , (A.2)
where we used the Einstein equation. If the theory satisfies the null energy condition, the
strong c-theorem da
dr
≥ 0 holds. To understand the strongest c-theorem, let us take the
non-linear sigma model for the matter action. The right hand side becomes
T rr − T tt = GIJ∂rΦI∂rΦJ . (A.3)
It is natural to regard ∂rΦI as the beta function βI and G
IJ as the Zamolodchikov metric.
Thus, it agrees with the field theory expectation
da
dr
= GIJβIβJ (A.4)
whose field theory derivation was discussed by Osborn [36] in detail. If we assume that
the Zamolodchikov metric is positive definite (in compatible with the strict null energy
condition [45]), we obtain the strongest c-theorem.
To look for a possibility of scale but non-conformal invariance, or the cyclic renor-
malization group flow, it is crucial to realize the operator identity such as βIO
I = ∂µJµ
in holography. The analogous identification is naturally realized by gauging the bulk
scalar field (i.e. replace ∂µ by Dµ = ∂µ + iAµ). Suppose we replace the kinetic term
GIJ∂MΦI∂MΦJ with the gauged action G
IJDMΦIDMΦ
J then the scalar configuration
Φ = ceiαr with zero gauge field can be transformed to Φ = c with A = αdr.13 It is obvi-
ous that the former description gives non-zero beta function with cyclic renormalization
group (with respect to the coupling constant dual to Φ) while the later description gives
the existence of the non-trivial Virial current Jµ which is dual to the vector field A.
12Non-trivial vector condensation in our discussion effectively reduces to the foliation preserving dif-
feomorphic theory of gravity in the bulk.
13The field configuration is invariant under the scale transformation (r → r + a), but not invariant
under the isometry corresponding to the special conformal transformation.
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Now let us go back to the holographic c-theorem with this additional gauging. The
gauging modifies the holographic renormalization group equation as
T rr − T tt = GIJDrΦIDrΦJ . (A.5)
There is a natural counterpart of this equation proposed by Osborn [36]. We replace the
β-functions with the gauge invariant B-functions:
da˜
dr
= GIJBIBJ . (A.6)
With the operator identity βIOI = ∂
µJµ, the beta function is ambiguous
βI → βI − (ωgg)I
S → S − ω , (A.7)
so we have introduced the gauge invariant BI function
BI = βI − (Sgg)I . (A.8)
This corresponds to the ambiguity whether we do the anti-symmetric wave-function renor-
malization along the renormalization group flow [17]. Since the central charge is gauge
invariant, it is expected that the right hand side is given by the gauge invariant quantities.
With this modified renormalization group consistency equation, the scale invariant but
non-conformal field theory β ∼ 0 (but B 6= 0) is only possible when the Zamolodchikov
metric GIJ is degenerated. In gravity side, this means that when the central charge
takes a constant value, we have either DrΦI = 0 (conformal invariance) or G
IJ = 0
(degenerate Zamolodchikov metric). It seems unacceptable that we have the degenerate
Zamolodchikov metric here because it would violate the unitarity.
Let us comment on some recent results and claims in the literature. In [17], the
possibility to obtain scale invariant but non-conformal field theories was attributed to the
modified strongest c-theorem:
da
dr
= GIJβIBJ (A.9)
in our convention and it was claimed that β ∼ 0 while B 6= 0 is possible (again in our
convention). Note however that this does not appear to be the equation indicated by the
holographic argument. In our viewpoint, the possibility exists only if GIJ is degenerated.
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More recently, [59] attempted to argue for the non-existence of scale invariant but
non-conformal field theory by using the dilaton effective action inspired by the work [26],
which proved the weak a-theorem in (1 + 3) dimension. The final results obtained in [59]
seem no stronger than (A.6). It is still an open question whether the right hand side can
vanish with non-zero B-function. This is again possible when GIJ becomes degenerated
and [59] did not exclude the possibility. In their language, the intermediate channel can
interfere and cancel with each other. In perturbation theory, however, GIJ is positive
definite as is well known, so the argument in [59] is in complete agreement with (A.6) as
well as in holography.
Indeed, the holographic realization of scale invariant but non-conformal invariant field
theories [43][44][46] did utilize this possibility of effective vanishing of GIJ . Of course, it
violates (strict) null-energy condition (or general coordinate invariance), so the physical
consistency as a quantum theory of gravity should be considered more carefully. Finally,
all these discussions suggest that foliation preserving diffeomorphic theory of gravity effec-
tively violates the null energy-condition. It will be interesting to pursue the role (and its
consistency) of space-time diffeomorphism and violation of null-energy condition further
in detail.
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